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O ' Abstract 

oo ■ 

^^ ■ The two-dimensional Zakharov system is shown to have a unique global solution for data 

without finite energy if the L^-norm of the Schrodinger part is small enough. The proof uses 
a refined I-method originally initiated by CoUiander, Keel, Staffilani, Takaoka and Tao. A 
polynomial growth bound for the solution is also given. 
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1 Introduction 

Consider the Zakharov system in space dimension two: 

iut + Au = nu, 



Dn = nit - An = A|np, (1.1) 

u{0,x) = uo{x), n(0,x) = no(x), nt{0,x) = ni{x), 



where A is the Laplacian in M^ -u : [0, T) x M^ ^ C, n : [0, T) x 
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The Zakharov system was introduced in [18j to describe the long wave Langmuir turbulence in 
a plasma. The function u represents the slowly varying envelope of the rapidly oscillating electric 
field, and the function n denotes the deviation of the ion density from its mean value. We assume 
uq G H'^, no G H'^ and ni G H''"^ for some real s, I. 

We consider the Hamiltonian case, that is, we assume 

3vo£L'^{R'^,M.'^) -.711 = -^ -vo. (1.2) 

If {u, n) is a solution of (jl.ip we have in this case 

nt{t) = -V -{vo- / V(n + \u\'^)ds) = -V • v{t) , 
Jo 

where 

v{t) = vq — / V(n + |np)(is, 
Jo 

so that 

vt = -V {n + \u\'^) , w(0) = uo . 

Thus p.ip can be written in the form 

iut + Au = nu, 

rit = -V • V, 

vt = — Vn — V\u 

u{Q,x) = uq{x), n(0, x) = no(x), u(0, x) = vq{x) 



2 (1-3) 



This system has two conserved quantities, namely besides mass conservation also energy con- 
servation (cf. ([XT]) and ([X^ below). 

In one space dimension, the best result with minimal regularity assumptions on the data was 
proven by Colliander, Holmer and Tzirakis [7], who showed global well-posedness in the case (s, /) = 
(0, —1/2), the largest L'^-based Sobolev space where local existence is known to hold. 

In two space dimensions. Proposition 1.1 of [15] tells us that the Cauchy problem (jl.ip with 
(no,no,ni) e H^ x H'^ x H^^^ is locally weh posed if / > and 2s — (/ + 1) > 0. Therefore the 
lowest admissible value of (s,/) is (^,0). 

The main result of our paper now shows that in the Hamiltonian case these local solutions exist 
globally, if s > 3/4 and / = , provided the datum uq satisfies ||uo||/,2 < ||(5||l2 , where Q denotes 
the ground state of the equation AQ — Q + \Q\'^Q = . More precisely we prove 

Theorem 1.1. Assume (uo,no,ni) e H^ x L'^ x hr^L"^ , where n\ fulfills il.^) . 1 > s > 3/4 and 
II^o||l2 < IIQIIl2- Here A denotes the operator \/—A. Then the system lll-l]) has a unique global 
solution. More precisely, for any T > there exists a unique solution 

{u,n,A-^nt) e x"'5+[o,r] x x°'3+[o,r] X x°'3+[o,r] 



where the spaces X"^^ are defined below, and X°'5+[0,r] := x'^''^ [0,T]+X^^^ [0,T]. This solution 
satisfies 



and 



l-s 



Hs + \\n{t)h2 + \\A-'nt{t)h2 < (1 + r)--4 



Global well-posedness for s = / + 1 > 3 and small data is considered in jTj. Using the Fourier 
restriction norm method for finite energy solutions (s = / + f = f) Bourgain and Colliander [6] 
proved local well-posedness and also global well-posedness in those cases where the energy functional 
controls the H^ x L^ x A^^L'^ - norm of the solution. This is the case, if ||iio||L2 < ||Q||l2 . 

In order to generalize these results to global existence for data without finite energy one approach 
in the last years was initiated by [11], called the I-method. The main idea is to use a modified 
energy functional which is also defined for less regular functions and not strictly conserved. When 
one is able to control its growth in time explicitly, this allows to iterate a modified local existence 
theorem to continue the solution to any time T and moreover to estimate its growth in time. 
This method was successfully applied by these authors to several equations which have a scaling 
invariance. It was used in [11] to improve Bourgain's global well-posedness results [3],[1] for the 
(2+1)- and (3+l)-dimensional Schrodinger equation. Later it was applied to the (l+l)-dimensional 
derivative Schrodinger equation [12] and to the KdV and modified KdV equation in [9]. 

This method was later more refined by adding a suitable correction term to the modified energy 
functional in [8], [9] and [10] in order to damp out some oscillations in that functional. It was used 
in [13] and [19] to prove a L^-concentration result for the Zakharov system and as a corollary global 
well-posedness for small initial data could be improved to y| < s < 1, / = 0. This method is also 
used in our paper in order to further weaken the regularity assumptions on the data. 

It is organized as follows. We transform the system in the usual way into a first order system. 
Then we apply the multiplier I to the Schrodinger equation only. Here for a given N >> 1, we 
define smoothing operators In'- 

bTfiO = mMiOfiO, (1-4) 

where 

and m7v(0 is smooth, radial, nonnegative, and nonincreasing in |^|. We drop N from the notation 
for short when there is no confusion. We remark that / : H^ -^ H^ is a smoothing operator in the 
following sense: 

Ikll V"^''' ~ 11-^^11 v^m+l-s.b < A^^^'^llnll ym,b. 



Here we used the X^p ' - spaces which are defined as follows: for an equation of the form iut — 
ip{—iVx)u = 0, where ip is a measurable function, let X™' be the completion of 5(R x R^) with 
respect to 



.™,6 := mr{r)''He''''^-'^''^fix,tm 



i? 



e^ 



For ip{^) = ±1^1 we use the notation X^' and for (p{C) = |CP simply X™'^. For a given time 
interval / we define ||/||x"'''{7) = ™ff =f ll/llx™''' 3,nd similarly ||/||j^m,6/j-,- 

For the modified Zakharov system, where only the Schrodinger equation is multiplied by I, we 
then prove a local existence theorem by using the precise estimates given by [TH] for the standard 
Zakharov system in connection with an interpolation type lemma in [13]. Our aim is to extract a 
factor S'^ with maximal k from the nonlinear estimates in order to give an optimal lower bound for 
the local existence time 5 in terms of the norms of the data. 

As it is typical for the /-method, one then has to consider in detail the modified energy functional 
H{Iu, n) and to control its growth in time in dependence of the time interval and the parameter A'^ 
(cf . the definition of / above) . The increment of the energy has to be small for small time intervals 
and large A^. The increment of H{Iu, n) is not controlled directly but one replaces H by adding 
a correction term to it leading to a functional H, such that the difference H — H at a fixed time 
is small for large A^, and, moreover, which is the main technical difficulty, the growth in time of 
H can be seen to be small for small time intervals and large A^, so that one can control also the 
growth of the corresponding norms of the solutions during its time evolution. This allows to iterate 
the local existence theorem with time steps of equal length in order to reach any given fixed time 
T. To achieve this one has to make the process uniform, which can be done if s is close enough to 
1, namely s > 3/4. 

We use the following notation: A < B means there is a universal constant c > 0, such that 
A ^ cB, and A ^^ B when both A< B and B < A. < ^ >= (1 + |Cp)2 . c+ means c + e, while c- 
means c — e, where e > small enough. 

There are several properties of the norms X^' and X^' [0,T], for which we refer to [15] and 

m- 

Proposition 1.2. 1. If u is a solution of iut + ip{—i'V x)u = with n(0) = / and ip is a cutoff 
function in C^(R) with suppip C (-2,2) , tp = 1 on [-1,1] , ip{t) = ip{-t) , ip{t) > , 
ipsit) := -0(f) , < (5 < 1, we have for b > 0: 



2. If V is a solution of the problem ivt + (p{—i'Vx)v = F , f (0) = 0, we have for 6' + l>6>0> 
b' > -1/2 



ljSv\\^n.,b<5^+''-''\\F\\^^.y. 



4- For - = l — -,2<r<oo, the following Strichartz estimate holds: 

WullrTr < \\u\\ n l-i-- (1-6) 

For the wave part we only use 

\\u\\toot2 < ||li|| n 1-1-- (1-7) 

II ll-^^t ^x ~ II II ■v,0'3+ ^ ' 

5. Forb> \, X^'\MxM2) ^ Ci^,}i'{^^)), and X'J'\^,T\{R?) ^ C{{-T,T),H%M.'^)). 

6. (cf. U^). For ^ 6' < 5 < i, or > 6 > 5' > -1/2 , < T < 1, 

7. For si ^ S2, and bi ^ b2, X^''^'(M x M^) ^ X^^'^^R x M^). 

8. Iff,geX^"2 + ,with 

l|5ih7Vi/ = /, '^\i2\^N29 = 9, 

and Ni > N2, then 

\\f9hl^<Ci^/m\^.,^M^o,^,. (1.9) 

Finally, we use the sharp Gagliardo-Nh'enberg embedding for E?, which could be found in |17j : 

for n G H^ , where Q denotes the ground state for the Schrodinger equation, i.e. , the unique 
positive solution (up to translations) of AQ — Q + \Q\'^Q = 0. 

2 Local existence 

The system (jl.3p has the following conserved quantities: 

\W{t)\\L^ = \\uo\\l2, (2.1) 

5 



and 



H{u,n,v):=\\Vu\\l2+l/2{\\n\\l2 + \\v\\l2)+ n\uf dx. (2.2) 

This implies an a priori bound for ||Vn||^2 + ||n||j;^2 + ||f ||/,2 by use of the Gaghardo-Nirenberg 
embedding (jl.lOp under the assumption ||uo||l2 < IIQIIl^ as follows: 

/" I |2^ ^ 2 ^ II II /TtII^IU^ II II 

/ n\u\ ax < n r2 m r4 < n r2v2---— — Vu 7-2 

e ll2 1 ll^ll' 



II 1 1 o 

c II ii9 r U 7-2 ii__ ii9 

Choosing 1 > e > 'm ","f ^ , we get 



IfoII 

m 



H{u,n,v) < 2||Vu||^2 + ||n||^2 + -||t;|||2, (2.3) 



as well as 



so that 



|2 



il - '^)\\n\\h + ^ll^lli^ + (1 - 7^^)ll^^lli^ ^ H{u,n,v), (2.4) 



||V'u||^2 + ||n||^2 + ll^ll^a < coH{u, n, v). (2.5) 

The system (jl.ip is transformed into a first order system in t as follows: with n± := n it iA~^nt , 
i.e. n = ^(n+ + n_), 2iA~-'^ni = n+ — n_, and n+ = n_ we get 

iut + Au = -(n+ + n_)'u, (2.6) 

m±t^An± = ±A(|u|2), (2.7) 

u{0) = uo , n-i-(O) = n±o := no ± zA~ ni. (2-8) 

One easily checks that the energy H{u, n, v) is transformed into 

1 If 

H{u,n+) = WVuWli + -||n+||^2 + - / {n+ + n+)\u\^dx , 

so that (cf. (1231) 1 

Hiu,n+)<\\Vu\\l, + \\n+\\l, (2.9) 

and (cf. (|23]) ) 

II Vnll^a + lln+ll^a < coii'(u, n+) . (2.10) 

Now, we will apply the I-method (we refer to the introduction for the definition of I). A crucial 
role is played by the modified energy H{Iu,n^) for the system 

ilut + AIu = -I[{n+ + n^)u], (2.11) 

m±t=FAn± = ±A(|n|2), (2.12) 

/u(0) = /uo, n±(0) = n±o = {no±iA-^ni), (2.13) 



namely 

1 If 

H{Iu,n+) := \\VIu\\l2 + -Wn+Wl^ + - J {n+ + n+)\Iu\'^ dx. 

In order to give a modified local existence result for the system (jl.ip we use the following estimates 
for the nonlinearities by Ginibre-Tsutsumi-Velo (cf. [15], Lemma 3.4 and 3.5). We denote here and 
in the following X'^''^[0,5] simply by X*'^. 

Lemma 2.1. • Assume 1 > s > . Then the following estimate holds : 



\n±u\\^^_i^ < 62 ||n±||^ (, i^llulL.. 1 



^s,-J+ r^ " ir-3:ll^(),5+ll"'ll^s,2+ • 



• Assum,e s > 1/2 . Then the following estimate holds: 

X_j_ ^ J<- 

Lemma 2.2. In the case 1 > s > the following estimate holds: 



||/(n±^)||^i,_i+<iV°+<J^||n±||^o,iJ|/n||^,,i^. (2.14) 

Proof. Let x be a smooth cutoff function which equals to 1 for |^| < A^ , and equals to for 
1^1 > 2A^. We estimate as follows: 

\\I{n±u)\\^,^_.^ < \\I{n±J^-Hx^vm^i^-i+ + \\I{n±:F-\il - x).Ftx)||^,,_i + 

where v := lu . 

The first term is estimated by Lemma 12.11 as follows: 



< N'+5-2-\\n±\\ ,,1 \\Iu\\ 1^. (2.15) 

Next we consider the second term. By Lemma |2. II we have 



|n±Mi|| , 1 < 52 ||n-i-|| ni^ll'Uill ,14. 



This means 

/(6,n)lil(6,T-2)n±(^3,T3) < ^1 >'' 



■d^dT 



<S-'~\\f\\L2\\ui\\L2\\n±\\L2, (2.16) 



/Eg < 0-1 >2 < 0-2 >2+< a >2 + < ^2 >' 

where / € L^, S3 denotes the set Ci + ■^2 + ^3 = and ri + r2 + T3 = , ctj = Tj + |^jp (j = 1, 2) 
and (T = T3 lb 1^3! . In order to prove 



|js:^>-f+ ~ " 11""-^" y". 2+""" ^^^ ■'^'~ '^'"x^'^~ 



we have to show with ui := (1 — x)n : 



Jt,' 



d^dr 



's3n{|C2|>Af} m(^2) < 0-1 >2 < £72 >2 + < a >2 + < ^2 > 

Because IC2I > ^i we have: 

Tf lAi < /v ■ '"(gi)<gi> ^ fMu-s<?i> < c<6>u-s<a>i < <a>'' 
^i l?i| :i ^^ • m(6)<6> *^ A' '' <6> -- "^ Af '' <6>" '^ <6>'' ' 

So (|2J6]) imphes (I2T7D . Thus 



<^-^~\\f\\LA\ui\\LA\n±\\L^. (2.17) 



^'ll-i,U 



D 



I^U,2+l|- -11^1,2- 



Proposition 2.3. Assume 1 > s > 1/2 and (uoj'ra+Oi'^-o) ^ ^^ x L^ x L^. T/ien i/iere exists 

1 



(IIIuoIIhi + l|n+ollL2 + ||n_o||i2)2+iVO+' 
such that the system \2.11\) . 112. 1^) . i2.13\) has a unique local solution in the time interval [0, 5] with 
the property: 

||/n||^i^i+ + ||n+||^o 1+ + ||n_||^o,i+ ^ ll-^'^olki + ||n+o||L2 + ll^-oHia . 

This immediately implies 

Il-^^llc0([0,5],/fi) + ll"'+llcO([0,5],L2) + ||"-||cO([0,5],L2) < H-Z^Moll/fi + II"-+o||l2 + ||n_o||L2 . 

Proof. We use the corresponding integral equations to define a mapping S = (Sq, Si) by 

1 /■* 

So{Iu{t)) = Ie''^UQ + - e'^'''^^I{u{s){n+{s) + n.{s))ds 



2 JO 

Si{n±{t)) = e**^n±o±i / e^^(*-^)^A(|'a(s)|2)ds. 

JO 

Combining Lemma l2.ll with the interpolation lemma of [13] we get 

IIAdn^ll 1^ < ||/A(|H2)|| < sl-\\Iuf . 

This immediately implies 

ll'5i(n±)||^o.i+ < l|n±o||L2 + <5^"||/n||^^_i^ . 
Using Lemma |2. 21 we get 

l|5o(/n)||^,,i+ < ll/nolbi +iV°+<5^-||n±||^o.i + ll^"ll^i,i + - (2.18) 

Choosing b as in the statement of this proposition the standard contraction argument gives a unique 
fixed point of 5, thus the claimed result. D 



3 Estimates for the modified energy 

In this section, let us get the control of the increment of the modified energy. 
As the modified energy is 

1 If 

H{Iu,n+){t) = \\VIu\\l2 + -\\n+\\l2 + - / {n+ + n+)\Iu\'^dx, 

which is not conserved any more, we have to control its growth. 

For functions depending on t we drop t from the notation here and in the following. 

First of all, let us define a new quantity H(u,n-^-)(t), which is a slight variant of H{Iu,n^)(t), 
and establish an almost conservation law for that quantity instead. 

Definition 3.1. Let k be an integer and S^ C (M^)'^ denote the space 

Sfc := {(6, • • • , ^k) G (K')^ : 6 + • • • + Cfc = 0}, 
then 
H{u,n+){t)=- iimi ■ i2m2u{ii)u{i2) + - I n+(^i)n+(^2) + - / o-u(Ci)M(^2)(n+ + n+)(6) 



JT.2 2 7^2 2 723 

is called the refined energy, where mi = mN{£,i), and a = \J^il iJ^li^'^ ■ 

Then we shall show the following: 
Proposition 3.2. (Fixed-time difference) For s > ^ we have 



Proposition 3.3. (Almost conservation law) For s > 2, if {Iu,n^,n^) is the solution to the 
Cauchy problem h2.11\) . f2. 12\) . [2A3) on the time interval [0,5] with initial data {IuQ,n^Q,n-o) € 
H\R'^) X L2(IR2) X L2(]R2)^ then we have 

\H{u,n+){6)-H{u,n+){0)\ 
< iV-Wi-||/n||^,,.J|n+||^„,i^ + (iV-2+^^-i+^i-)||^^||^^^^^||^^||2^^^^^_ (3^2) 

The remaining part of this section is devoted to prove the above two propositions. 
Proof of Proposition 13. 2t Since 

H{Iu,n+) = - iimre,2m2u{ii)u{i2)+- I n+(^i)n+(^2)+- / mim2u(6)^(6)(^++^+)(6), 
Jt.2 ^ Jt.2 ^ Jt.3 



and 



H{u, n+) = - / ^imi • 6"T'2^(6)^(6) + 77 / ^+(6)"-+(6) + o / crii(^i)u(^2)(5^+ + "-+)fe), 

we have 

H{Iu,n+)- H{u,n+) = - (mim2 - cr)n(^i)ii(^2)("-+ + ?^+)(6)- (3.3) 

We use a dyadic decomposition with Ni ^ |^j| ^ 2A^j. As the complex conjugates wih play no 
role here, we can suppose A^i '^ N2- 

If N2 ^ iVi « N, then by the definition of rriN' and a, the integral vanishes. Hence, we suppose 

Ni>N. 

Therefore, it remains to prove under these assumptions 

/=| / {mim2-aM^i)ti{^2){n+ + fi+){^3)\<N-^+N^-\\Iu\\l4n+\y. (3.4) 

JE3 

Lemma 3.4. Under the above assumption, a is bounded. 
Proof. Case 1. N2 « N < Ni. 

'"' = ' ieiP-i6P ' ^7P — ^-i + ]^^i- (3-5) 



Case 2. N < N2 ^ Ni. 

I |_| I6IX-I6IX |_| /(|6I)-/(I6I) | .„.. 

' ' ' ieiP-|6P ' ' ieiP-|6P '' ^^^ 

where /(r) = r'^m]\[{r)'^ and r > N. Thus |/'(r)| < 7V2(i-s)^2s-i^ which is monotone increasing 
w.r.t. r > N, because s > ^^ Hence, 

' '~' (I6i + ie2i)(i6i-i6i) '~ 161 NCir ~ • ^ • ^ 

D 
This lemma implies \m1m2 — o"| ^ 1, and for s > 1/2 we get 



1 

m{Niym{N2) 



^ - ZTlC7Tr71^7Tll-^^i|lL?+ll^"2||i--||n+||i2 



< (f)-((f)- + i)^ll/*IKII.^ 

< iV-i+iVM|/n||^i||n+||^2. (3.8) 
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Here and in the following we abuse notation and denote 

m{Ni) = inf m(S,i) ~ sup m{S,i) . 

This completes the proof of Proposition 



Proof of Proposition [33} By system (l2TT]l . ([232]) 



Cimi • i2m2Ut{ii)u{i2) - I iimi ■ 6"T'2M(Ci)^t(6) 

■'E2 ■'E2 

+ / '^ut{ii)u{i2){n+ + n+){i'i) + - au{^i)iit{i2){n++fi+){i^) 



2Ve3 ' ' ' "^ ^"^-''^^j:, 

4/ (l-^)|6l^(6)^(6)^+(6) + ^ / (l-a)|e3|n(ei)n(e2)n+fe) 

2 ^Es 2 y^^ 

„. / J^aPmis- l6P"i2 2 NVC ^-^c ^-^c ^-^c \ 

-2/m / ( , p_, p rn2i)u{ii)u{i2)n{iz)n{ii) 

J /_^4 [S>^o [ [ S»^ [ 



(1 - a)i6i^(6)^(6)^+(e3) + 2 / (1 - ^)ie3|n(ei)S(e2)n+fe) 

+2Im [ M!(!jk_!!^^(^,)|^(^2)n(e3)n(e4), (3.9) 

7^4 l^23r - I6r 

where ^jj = Ci + Cji ^^ij = ^^N^^i + 0)' ^'^'^ ^'^^ expression for a is given above. 
Integrating with respect to t on [0, 5], we have 

^(n,n+)(5)-#(n,n+)(0) 

(i-a)ie3|n(6)^(6)^+(e3) + ^ / / (i-cT)ie3|n(a)n(6)"+(e3) 

+2/m/ / M!(!jk_!!^^(^,)^(^2)^(^3)^(^,). (3.10) 

Jo Jt.. K23r - I6r 



Because the complex conjugates play no role here, there are two kinds of terms we have to deal 
with: 

ii = \l I (i-^)ie3|n(ei)^(6)n+(6)i, (3.11) 

Jo JE3 
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and 

l6P("^i3-"i2) 



^^^=1/ / I. 12 I, 12 ^ (^i)^fe)n+(6)n+(^4)|. (3.12) 



/o 7^4 1^231 - 16 

First we prove 



I/<iV-2+ivO-<5,-||/^||2 ||„^|| (3.13) 



where we can assume as above N2 ^ Ni, Ni > N, and N^ ^ Ni. 
As\l-a\<l, 

II ^ Nl, TTT^ /^x N 11-^^1 -^^2 II fZ II?T'+Ilr2 



t.x 



< 



m^r-ii^r' + i)(f )^iiMiu„,^.ii/-2ii^o,^.iin.„^ 



0,0 



< iV-i-ArO-<5l-||/n||^,iJ|n+||^o.i + . (3.14) 



Next we prove 

III<{N-'+ + N-'+6^+)\\Iu\\l,,Jn^\\l.. (3.15) 



,2 ^2 



If both iV2 and N3 « N, then 171,23 ~ "^2 ~ ^5 which is triviaL Thus we suppose N2 or N3 > A^. 
Case 1. N2 « N3, and N3 > N. 



|6P(mi3 - ml) , ^ I6P < ^ (3_^g) 



' ie23P-|6P '~ 116 + ^312-16121 -^|6P- 

Since N2«N3 and 6 + 6 + 6 + 6 = 0, N^ < max{Ni, N3}, and N^ax < max{Ni, N3}. 
Subcase 1.1. iVi << iV. 

So Nmax ~ Ns- 



Ar2 
/// < ^2 



Nl m{Ni)m{N2) 



|/lil||^oo-||/U2||^2+^oo-||n+3||^2^2+||n+4||L^ooi2 



~ N^^^W^ ' + l)llM|li--Hi|l^^2||^o.i + ll^+3|lL2j:^o+||n+4||^o,i. 
o 4" 



< iV-^+<55-ivO^;J|/nf^^_,J|n+f^„,^. (3.17) 

Subcase 1.2. A^i > A^. 
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N"^ 1 

A^l iVi 1 iV2 1- 

< ^(^)i-((^)i- + 1) J_^_ArO+||/n||2 ^ , ||n+f „ , 
^ Nl^ N ' ^^ N ' 'Ni<N2> ^ ^^ "xi'^+" + V"'^+ 

< iV-'+iVLJI^^Il' iJI"+ll'o,i+- (3-18) 



Case 2. iVg « iVs, N2 > N. 
So 



' le23P-|6P ' ' {\i2z\ + Mm2z\-\i2\\) '^ 1^2111631-1611 ^ ""' 



'2) 

(3.19) 



and iV4 < maxjA^i, N^}, N^ax < maxjiVi, N2}. 
Subcase 2.1. iVi << N. 

So iVmaa; '^ ^^"2- 

As above 

/// < "^(^2) .,. . .,. ||/ni||.^-||/n2||r2+j^c»-||n+3||r2^2+||n+4||r^Lg 

< ^A'rs-ii/«iii..ji.Hii^^,,. 

< Af-'+ri-<-„||;„||2 ||„+|p (3.20) 

A ■ 2 J(^^ 2 

Subcase 2.2. Ni > N. 
As in subcase 1.2, 

/// < miNo) ; ; ; -ll/'Ui II r2+ roo- II/U2II r2+ roo- IIjT'+sII roo- r2+ Il?i4-4|| roor2 



m{Ni)m{N2] 
N' N1N2 ^ " "xi-i+" +"x«'^+ 



^ ^1^^ 1^1^ ^^3 II^^ILii.ll«+ll "1 



~ 2 1 II 11^1, i + ii +11^0,^ + 

< iV-'+<;J|/t^||^,.iJ|n+f „,,^. (3.21) 



^+ 



Case 3 Af2 ~ iV3 > iV. 

Hence Af4 < maxjAfi, Af2, A^3} ~ maxjAfi, N2}, and iV„„^ < maxjiVi, N2}. 
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We have 

It 12 Itl2 ~ It 12 Itl2 "^23 ri It 12 Itl2 """ "^23 • 

By the proof of Lemma 13.41 the above expression is bounded. 
Subcase 3.1. Ni > N. 



Ill ^ -. ^ ; /Ul r 2+ roo- /Uo r 2+ r oo- kl4-3 r oo- r 2+ ki-l_4 r oo r2 

< f^li-V^li-sJ_J_ArO+||/',,||2 ||„,||2 

< iV-'+iVLjl^^ll^,,i + lh+f 0,1 + - (3-22) 



r\~j 



Subcase 3.2. Ni < N. 
Thus Nmax < N2. 



1 



/// < 7T^^ 7T^^I|/ni||^c«-||n+3||^2+^2+||/M2|li2+^go||n+4||i^ooi2 

^i,i+\\^+^\\xl+-°+ 

AT' ^2 II 11^1, ^H ^.. 



m(A^i)m(iV2) 

^ /A''2.i_g|| II II II II II II II 

^ (^) IIM||^i,i + ||ri+3|lxO+,o+||/n2||^o+,i+IP+4||y,,iH 

< (§)^-^iV3°^iV2-^^'^-l|/-llluJ|n^lllo.. 



A 2 ^ 2 



rs-/ 



4 Proof of Theorem 11.11 

Proof. The data satisfy the estimate 



\Iuo\\h^ < cN'^ "WuoWh" ■ 



We use our local existence theorem on [0,6], where 

1 



and conclude 



iWluoWm + l|n+ollL2 + ||n_o||L2)2+iVO+- 

l-^^^ll 1 li + ll?T'+ll n i-M + 11^-11 n Ij- 

< c{\\Iuo\\m + II'^+oIIlz + II^-o||l2) < C2N^~'. (4.1) 
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From ()2.9p we get 

H{Iuo,n+o) < co(||/no||^i + ||n+o|li2) < cN^^^-'\ 

and from ([2^0]) 

||A/«o||^2 + ||n+o||i2 + \\n-o\\l2 < cA^^Ci-^) ^ ||/no||L2 < \\uo\\l^ =: M 

with c = c(c). Thus the constant in (|4.ip depends only on c and M, i.e. C2 = C2(c, M). 

In order to reapply the local existence result with time intervals of equal length we need a 
uniform bound of the solution at time t = 6 and t = 26 etc. which follows from a uniform 
control over the energy by ()2.10p . The increment of the energy is controlled by Proposition 13.21 and 
Proposition 13.31 as follows: 

\H{Iui6),n+{6)) - H{Iuo,n+o)\ 

< \H{Iu{6),n+{6))-H{u{6),n+{6))\ 

+\H{u{S),n+{6)) - H{uo,n+o)\ + \H{uo,n+o) - H{Iuo,n+o)\ 

< c[Ar-i+||M5)||2^.||n+(5)||^2+iV-^+<^i+||n+||^„,.^^^^^^||/n||^,,.^^^^j 

Using (j4.ip and the definition of 6 we arrive at 

\H{Iu{6),n+{5)) - H{Iuo,n+o)\ 

< C3(A^"^+iV^(^"'') + iV"5+Ar-(i-'')+iv3{i-^) + (iV-2+ _^ ^-i+^-(i-s)+^^4{i-s)^_ 

where cs = 03(0, M). This is easily seen to be bounded by cN"^^^'^' (for large N). 

The number of iteration steps to reach the given time T is -j- ~ TN^^'^^'^'^ . This means that in 
order to give a uniform bound of the energy of the iterated solutions, namely by 2cN'^^^~^' , from 
the last inequality the following condition has to be fulfilled: 

where C3 = C3(2c, 2M) (recall here that the initial energy is bounded by cA^^'^~*^). 



One easily checks that this can be fulfilled by choosing N ^ T^" "^ >>1 provided s > 3/4. 
So here is the point where the decisive bound on s appears. 

A uniform bound of the energy implies by (12. Sp uniform control of 



\\AIuit)h2 + \\nit)\\L2 + \\A-^ntit)U2 < cN^-'. 
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Moreover ||/u(t)||^2 < ||ti(t)||£^2 = ||uo||j^2, thus 

\\u{t)\\Hs + \\n{t)\\L2 + ||A-int(t)||i2 < cN'-'. 

This imphes 



sup {\\u{t)\\H^ + \\n{t)\\L2 + \\A-'nt{t)h2) < c(l +T)2-4 
o<t<r 



D 
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